We study the behaviour of a specific system of relativistic elasticity in its own gravitational field: a static, spherically symmetric shell whose wall is of arbitrary thickness consisting of hyperelastic material. We give the system of field equations and boundary conditions within the framework of the Einsteinian theory of gravity. Furthermore, we analize the situation in the Newtonian theory of gravity and obtain an existence result valid for small gravitational constants and pointwise stability by using the implicit function theorem. If one replaces the elastic material with a fluid, one finds that stable states can not exist.
Introduction
Let us take any static spherically symmetric shell consisting of an elastic material. Picture the shell to be a sphere from which a sphere of smaller radius is cut out around the center of mass of the bigger sphere and replace the resulting hole by vacuum. The elastic material is assumed to be isotropic and homogeneous. At first, ignore the own gravitational field of the elastic shell. When "switching on" the shell's self-gravitating field one will observe a deformation of the static elastic shell. In order to describe this process one can make use of either of the following two pictures: the spatial description (Euler picture) or the material description (Lagrange picture). In any of the pictures the undeformed body, B, is represented by a three-dimensional differentiable manifold that is endowed with a flat metric (body metric), G AB -A, B = 1, 2, 3. The spacetime, M, a four-dimensional manifold, is equipped with the spacetime metric g αβ -α, β = 0, 1, 2, 3. We assume that there exists a natural state or relaxed state of the static elastic shell, i.e. one should understand this state as to be strain-and hence stressfree. In the spatial description we choose local coordinates y α on M and let the motion of the body be given by a surjective mapping zthe so-called deformation map -from the spacetime onto the body so that Y A = z A (y α ) are coordinates on B. The field equations describing the behaviour of the static elastic shell viewed from the point of the spatial description are the Einstein field equations with elastic matter source on M. For the material description we have to assume that the spacetime has a foliation consisting of spacelike hypersurfaces. The motion of the body is given by the deformation map f from the undeformed body onto a submanifold in spacetime, namely f (B) × R. The tensor field g αβ solves the Einstein vacuum field equations on M/f (B) × R and the Einstein field equations with elastic matter source composed with the deformation map f on f (B) × R. For the static case, the deformation map z A of the spatial description is the inverse to the deformation map f aa = 1, 2, 3 -of the material description.
From the experimental point of view it is clear that stable states for the above described configuration exist for elastic materials but do not exist in the case of fluids. It would be of interest to derive this from the theory of elastomechanics. In [3] an existence proof for general static, self-gravitating elastic bodies in the Newtonian theory of gravity was given which includes the static elastic shell as a special case. Here we follow a different approach to derive an existence result and, in addition, explicitly write down the field equations and boundary conditions for the static elastic shell in both the Einsteinian and Newtonian theory. In the following section we will introduce some important quantities of elasticity that will simplify the tackling of our setting. We will make some crucial assumptions on the material under consideration. We obtain a nice expression for the energy-momentum tensor in terms of typical objects of elastomechanics and give the Einstein field equations and boundary conditions in the material description. In section 3 we consider our system of equations in the Newtonian limit. Still, the Newtonian field equation and boundary conditions cannot be solved explicitly for general elastic matter. Therefore, section 4 is concerned with an analytical approach to prove that for small gravitational constants and in the case of pointwise stability stable states of the static elastic shell exist. In the appendix, we solve the linearised system of Newtonian equations and illustrate the behaviour of the static elastic shell by means of three concrete examples.
2 Field equations and boundary conditions in the Einsteinian theory of gravity
Energy-momentum tensor
We derive the field equations, namely the Einstein equations, from a Lagrangian principle in the spatial description. We aim to present the energy-momentum tensor using quantities within the framework of the theory of elastomechanics. Let us start with the general definition of the energy-momentum tensor:
Definition. The energy-momentum tensor is defined by
where L is the Lagrangian density.
In our case, the Lagrangian density is given by
where n denotes the particle number density. The first term in brackets gives the energy density of the relaxed state and the second term, w, is called the stored energy function density. It is a very important quantity of elastomechanics and we will enlighten this in the few following paragraphs. In general, the stored energy function depends on the deformation map, its derivatives with respect to the coordinates on spacetime and the coordinates on spacetime:
One can rewrite the energy-momentum tensor using the expression for the Lagrangian density such that one gets: Covariance of w under spatial diffeomorphism gives us
Let us now assume that the stored energy function depends only on some invariants,J i , of the strain tensor H
We make use of a certain choice of invariants 1 of the strain tensor, H A B , namely:
At natural points y α | 0 , Y A | 0 , z B | 0 the strain tensor H AB takes the following expression
in other words, the state of the static elastic shell at natural points is strainfree. In the relaxed state the chosen invariants of the strain tensor reduce to the following constants
The stored energy function has to vanish and have a minimum in a locally relaxed state of the matter. From the expansion of the stored energy function at natural points we see that for isotropic, homogeneous materials there are constants λ and µ -the Lamé constants -such that
We reduce our analysis to isotropic and homogeneous material. Furthermore, we require our system to fulfill pointwise stability. In the case of isotropic, homogeneous elastic material -see, for example, [8] -this condition can be expressed as
1 For the verification of the fact that the square root of the determinant of the strain tensor is equal to the inverse number density we refer to [4] . Now, we will use all of the aforementioned assumptions and definitions to rewrite the energymomentum tensor in terms of objects typical of the theory of elasticity. Due to the form of the boundary conditions it is more convenient to turn to the material description. Therefore, we derive the energy-momentum tensor in the material description, T αβ , from the one of the spatial description, t αβ , and then compose it with the deformation map f α . The energy-momentum tensor in the material description reads
where the quantities J i -i = 1, 2, 3-,w,u α and H AB are to be understood as the analogous objects in the material description to the ones we treated earlier in this section in the spatial description. The symbolH AB is meant to be the inverse of H AB . Note thatH AB is different to H AB . The latter results of rising the indices of the strain tensor in the material description H AB with G AB .
Field equations
Having obtained a nice expression for the energy-momentum tensor in the material description we now turn our attention towards the equations describing the process of deformation of the static elastic shell taking into account the influence if the shell's self-gravitating field. The required field equations in the material description are the Einstein vacuum equations outside the deformed body and the Einstein field equations with an elastic matter source composed with the deformation map on the deformed body. That is, on M/f (B) × R we have
where G αβ is the Einstein curvature tensor, κ := 8πG c 4 , G is the gravitational constant, c is the speed of light and T αβ is the energy-momentum tensor.
We choose coordinates X A = (R, θ, φ) on the body B and introduce on spacetime M the coordinates
being a monotone function. The exterior Schwarzschild metric 2 is matched to the outer boundary of the shell, that is where R = R o is the outer radius. The hollow region in the centre of the shell (where R ≤ R i , R i is the inner radius) is described by a flat metric. The body metric reads
We divide the spacetime in three regions corresponding, respectively, to the hollow centre, the deformed body itself and the Schwarzschildean exterior of the shell:
where C is a positive constant and M is the central mass.
We require asymptotic flatness, that is
In a slight abuse of notion we write T α ρ = 2 g αβ T βρ , and get
Keeping these expressions in mind, and after having computed the Einstein curvature tensor we write the Einstein equations on f (B) × R in the following way:
If the first and second Einstein equations - (1) and (2) -hold then one can, instead of equation (3), consider -see, for example, [11] -the only part of the conservation law that is not fulfilled identically, namely:
which can be written as
For convenience, we choose equation (4) to substitute for equation (3) in our further investigations and consider equation (4) together with the first and second Einstein field equation, (1) and (2), the demanded system of field equations.
Boundary conditions
Clearly, additional equations will have to be fulfilled at the inner and outer boundaries of the deformed body in order to satisfy the standard matching conditions -see, for example, [7] . The fundamental boundary conditions of our system have to be derived from the condition that the first fundamental form, g αβ , and the second fundamental form, K αβ , of the three metrics
g ab (a, b = 1, 2, 3 spatial indices) have to coincide at the inner and outer boundaries of the static elastic shell. We consider the hypersurface H : F (R) = const and the normal vector field of H, n α , with
The induced metric h αβ on H is Lorentzianlike, n α being spatial. Therefore, we have
where L denotes the Lie derivative. Considering the hypersurface H i :
The boundary conditions derived from the matching conditions at the hypersurface
As a consequence of the 3+1 decomposition of the manifold we also have to look on the constraint equations:
where
is the Ricci scalar with respect to the three-dimensional metric h, The momentum constraint equations (10) are fulfilled identically, whereas the Hamilton constraint equation (9) leads to the following boundary condition:
where n R is the normal vector of the hypersurface R = constant. Henceforth, we are able to give the entire system of field equations - (1), (2) and (4)-and boundary conditions - (5), (7) and (11)-of the static elastic shell in its own gravitational field within the framework of the Einsteinian theory of gravity. Let us now investigate the situation in the Newtonian theory of gravity.
Newtonian limit
Our aim is to derive the system of the Newtonian equations from the results we obtained in the latter section. From the first Einstein equation (1) we derive the following form of the field B[F (R)], namely:
We insert the latter expression for the unknown field B[F (R)] as well as the following form of the unknown field A[F (R)], namely
-where U can be viewed as a potential -into the system of field equations (1), (2), (4) and boundary conditions (11) . In order to obtain the system of field equations and boundary conditions in the Newtonian theory of gravity we take the limit c −→ ∞. In this Newtonian limit the first two Einstein equations (1) and (2) reduce to the Poisson equation
and the conservation law (4) in the Newtonian limit gives the load equation
The remaining boundary conditions in the Newtonian limit are
Equations (12), (13) and (14) form the complete system of Newtonian equations for the static elastic shell in its self-gravitating field.
Main Theorem
The resulting equations of the latter section -(12), (13), (14) -are too complicated to be solved explicitly for general elastic materials. Therefore, we will resort to analytical methods in the sequel. In order to use the machinery of the implicit function theorem we write our field equation and boundary conditions as a map between Sobolev spaces. Integrating the Poisson equation (12) and inserting it into the load equation (13) we find the resulting Newtonian field equation to be an integro-differential equation of the following form:
The latter together with the boundary condition Definition. S(tatic)E(lastic)S(hell) map:
where Static Elasticity Operator
Force Operator
In the above definition W p,k stands for the standard Sobolev spaces of functions having p weak derivatives in L k -see, for example, [2] . Remark. The Sobolev spaces were chosen out of technical reasons. The first factor in the range of F rises from considerations concerning the field equation, the second factor in the range from considerations concerning the boundary conditions. The weight associated with the weak derivative in the first factor of the range comes from the appearance of second derivatives in the static elasticity operator while that of the second factor is dictated by a lemma in [10] . We will make use of this lemma later.
Before giving our main result we will recall one of our crucial assumptions and we will consider some technical lemmata that will be used to prove our main theorem.
Assumption 1. We require our system to satisfy pointwise stability. For isotropic linear elasticity pointwise stability -see, for example [8] -is fulfilled when
where λ and µ denote the Lamé constants.
Remark. The constant κ is called the bulk modulus. The inequality 3κ > 0 allows negative λ with − 2 3 µ as a lower bound (auxetic materials).
Proof. To check if the SES map is C 1 , we consider the special case of m = 0 and p = 2 in the assumptions made in a lemma in [10] . We find that one easily derives the validity of the assertion for the pair of the following operators, namely, the static elasticity operator and the boundary operator. To show that the force operator is C 1 , we make use of a corollary in [1] that reads as follows
and the two derivatives coincide.
Essentially, the force operator corresponds to
The Gâteaux derivative of
It is an element of the space of linear continous maps
since the linear operator defined by the directional derivative is clearly bounded.
Thus, the force operator is C 1 -Gâteaux, from where it follows that the force operatorê[F (R)] is C 1 . Therefore, we derive the SES map
we find F 0 and G 0 to be such that F 0 = R and G 0 = 0 as -inter alia -the invariants of (H A B ) newt on which w depends are constant for F o = R and G 0 = 0. We have
Proof. We divide the proof of this lemma in three parts: First task. From the Taylor expansion of F -which is supposed to be at least C r+1 -around R for δF sufficiently small we see that
The components of the linearised SES map read
Neglecting higher orders, we are now able to concentrate on
We compute the solution of 
where u k ∈ R for k = 1, 2. Inserting the solution δF in the linearised boundary conditions
we derive
We can write the latter equations in matricial form as
The determinant of the coefficients matrix of this system of linear equations, det A, is det A = 12κµ 1
where 3κ = 3λ + 2µ. Assume for the moment that the above system (15) has solutions other than the trivial solution, that is equivalent to the fact that det A = 0. If this is the case it follows from pointwise stability that Third task. Now, we will show that
and suppose that
The solution (δF ) g (R) of the above differential equation, (16), consists of the sum over the solution (δF ) h (R) of the homogenous differential equation, that is φ(R) = 0, and a particular solution (δF ) p (R) of the inhomogenous equation. The solution to the homogenous case as already computed before is
One way of obtaining a particular solution to (16) is by means of the following ansatz
After a few calculations we get
Since we are searching for any particular solution, it is possible to choose the constants of integration in a way that the last term in the above equation vanishes. Therefore, the solution of equation (16) reads
Inserting this solution into the boundary conditions
where γ = 2λ(λ + 2µ) −1 , we can determine the form of the constants u 1 and u 2 in terms of v(R i ) and v(R o ):
Let us write
Using the fundamental theorem of calculus it is easy to see that
Concerning (δF ) g3 (R), the following is true
The same arguments for the second weak derivative of (δF ) g3 (R) lead to the result that
We conclude that the solution (δF ) g (R) of the inhomogenous differential equation (16) with
is an element of the Sobolev space as required, namely
Remark. At this point let us say something about the possibility of taking the limit R i → 0, which yields a static elastic sphere. It can be checked that
Therefore we conclude from (17) that
, where q > 0. Thus, it follows from (19) that u 2 −→ 0 as R i → 0, and the constant u 1 is bounded for R i → 0. The solution of the linearised system of equations for the static elastic sphere reads
Again, the linearised mapping lin F [δF ] for G = 0 is both injective and surjective. Therefore,
is an isomorphism. 2
Now we are ready to state and prove our main result.
Theorem. Let
Then there exists a neighbourhood
Proof. The proof of the above theorem is a direct consequence from Lemma 1, Lemma 2 and Lemma 3 as well as from the implicit function theorem -see [2] . 2
Concluding remarks
From the above theorem it is now clear that as long as pointwise stability is fulfilled, for example perfect fluids will not satisfy this condition, stable states of the static elastic shell in its own gravitational field exist if the body is sufficiently small. The present work can be extended in several directions. It would be of great interest to provide the analogous analytic proof for the existence of stable states in the theory of Einsteinian gravity. Furthermore, one could undertake some numerical investigations picking out some specific realistic material. It would also be possible to replace the vacuum inside the hollow centre of the shell by some matter, for example air.
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A Solution to the system of linearised equations
The Newtonian system of field equation and boundary conditions is too complicated to be solved for general material, still the linearised equations can easily be solved analytically. In addition, we will list a few examples for which we investigate the behaviour of the static elastic shell or the static elastic sphere as a special case taking into consideration various models of matter. We consider the system of linearised equations
, and γ = 2λ λ + 2µ .
As we know from section 4, the solution to the above system for a general φ(R) -see equations (18), (17) and (19)-reads
Inserting
And the following holds,
With these results it is clear that
After some simplifying computations we have, in the end, the solution to the system of linearised equations, namely 
Example 1: Ideal cork. We consider a material where the Lamé constant λ = 0. This is a model for ideal cork 3 . For such a material That means that under the influence of the gravitational field of the shell itself, the inner radius increases and the outer radius decreases. Therefore, the body is compressed.
Example 2: Ideal rubber. Here, we want to investigate the model for ideal rubber 5 , where µ ≪ 1. We haveū 1 (µ ≪ 1) = − κ .
Considering the latter equation, we see that within a sphere of radiusR = R o 
